Abstract. We prove that if X is a locally compact σ-compact space then on its quotient, γ(X) say, determined by the algebra of all real valued bounded continuous functions on X, the quotient topology and the completely regular topology defined by this algebra are equal. It follows from this that if X is second countable locally compact then γ(X) is second countable locally compact Hausdorff if and only if it is first countable. The interest in these results originated in [1] and [7] where the primitive ideal space of a C * -algebra was considered.
Introduction
The primitive ideal space, Prim(A), of a C * -algebra A with its hull-kernel topology has some pleasant properties: it is a locally compact Baire space, see [5, can be expected in general. The absence of the Hausdorff separation property in Prim(A) justified a study in [11] of the collection of all the closed limit sets of a topological space. It should be added that the closed limit subsets of Prim(A) correspond, by one of the bijections detailed in [5, Proposition 3.2.1], to some distinguished ideals of A. An investigation of the topologies on the class of these ideals that mirror topologies on the collection of closed limit sets of Prim(A) was performed in [1] . We intend here to pursue the study begun in [2] of the topologies on the quotient of Prim(A) determined by the algebra of the bounded scalar functions. We adopted a purely topological setting so no knowledge of the theory of C * -algebras is needed for reading this paper. The method we chose is to substitute for the quotient of a possibly non-Hausdorff space X, via a homeomorphism, a quotient of a certain Hausdorff hyperspace of X.
In the following X denotes a locally compact space that is, X is a space in which every point has a neighbourhood base of compact sets. The algebra of all complex valued bounded continuous functions on X, denoted C b (X), induces an equivalence relation on X: x 1 ∼ x 2 if f (x 1 ) = f (x 2 ) for every f ∈ C b (X). We let γ(X) be the quotient space of this equivalence relation; the quotient map q : X −→ γ(X) was called in [3, section III.3 ] the complete regularization of X and this construction was discussed in [2] for the special case of the primitive ideal space of a C * -algebra.
As in [2] , we endow γ(X) with the topology τ cr , the weak topology defined by the bounded continuous functions on X viewed as functions on the quotient. Another natural topology on γ(X) is the quotient topology τ q . Always τ cr ⊂ τ q ; it was shown in [2] that if X is compact or if q is open for τ q or τ cr then τ q = τ cr .
The question whether these topologies are equal for any locally compact space was left open there. Of course, C b (γ(X)) is always the same for both topologies. We shall prove in Section 2 that if X is σ-compact then τ cr = τ q . Recently D. W.
B. Somerset found an example of a locally compact space X for which these two topologies are different. The example appears in an appendix to this paper and only its last paragraph, where it is shown that the topological space constructed there is homeomorphic to the primitive ideal space of a C * -algebra, needs a minimum knowledge of operator algebra theory.
In Section 3 we discuss the class of second countable locally compact spaces X for which γ(X) is a second countable locally compact Hausdorff space. Such spaces when serving as primitive ideal spaces of C * -algebras were considered in [7] and [8] .
We give a characterization of these spaces by using the tools developed in Section 2.
The family of all closed subsets of X will be denoted by F (X) and its subfamily that consists of all the nonempty closed subsets of X will be denoted F ′ (X). We shall equip F (X) with two topologies: the Fell topology, denoted here τ s , that was defined in [9] , and the lower semifinite topology of Michael, which we denote τ w , see [12] . A base for τ s consists of the family of all the sets
where C is a compact subset of X and Φ is a finite family of open subsets of X. A subset S of X is called a limit subset if there is a net in X that converges to all the points of S. The family of all the closed limit subsets of X will be denoted L(X);
it is a compact Hausdorff space with its relative τ s -topology, metrizable if X is second countable, see [4, Théorème 12 and Lemme 2]. We put
Then (L ′ (X), τ s ) is a locally compact Hausdorff space; if X is compact then one
The family of all (closed) maximal limit subsets is denoted ML(X) and ML s (X)
We define on L ′ (X) an equivalence relation: we say that
that are constant on the equivalence classes with respect to ∼
we shall consider two topologies: the quotient topology, τ Q , defined by the quotient
is endowed with the τ s topology and the completely regular topology τ CR given by the functions of
as functions on Q(X). Obviously τ CR ⊂ τ Q ; it will follow from subsequent results that the question of equality between these two topologies parallels the situation between (γ(X), τ cr ) and (γ(X), τ q ).
Let f ∈ C b (X); then f is constant on every closed limit subset of X. Define
We have a converse to the statement about the continuity of f L but first we need
give below its simple proof for the sake of self sufficiency.
If x α ∈ S α for α ∈ A and {x α } converges to x ∈ X then x ∈ S.
Proof. Assuming that x / ∈ S we let K be a compact neighbourhood of x disjoint from S. Thus S ∈ {T ∈ L(X) | T ∩ K = ∅}, hence eventually S α ∩ K = ∅ and {x α } cannot converge to x, a contradiction.
Proof. We have to prove only the surjectivity of the map.
instance the closure of {x}. Then f is well defined and we are going to show that it is continuous. Once this will be done we clearly shall have f L = g and the proof will be finished. Let D be an open subset of C and x ∈ f −1 (D). We claim that there is a neighbourhood of
contradicting our choice of the net {x α }.
Remark 2.3. It follows from the τ w -continuity of η X , the definition of f L for f ∈ C b (X) and the preceding proof that in the definition of C b ∼ (L ′ (X)) we can substitute τ w -continuity for τ s -continuity.
We can now define a one-to-one map χ from γ(X) onto Q(X) as follows: for
x ∈ X we let χ(q(x)) := Q(S) where S is any closed limit set that contains x.
It readily follows from Theorem 2.2 that the map is well defined and it has the stated properties. As a direct consequence of the definitions we have for every
It is clear that χ is a homeomorphism of (γ(X), τ cr ) onto (Q(X), τ CR ).
Proposition 2.4. The map χ defined above is a homeomorphism from (γ(X), τ q )
is the union of all the elements of Q −1 (O) and we claim that U is open. Otherwise, there are x ∈ U and a net {x α } in X \ U that converges to x. For each index α we choose S α such that x α ∈ S α . This compels each S α to belong to the closed subset
. By passing to a subnet if necessary we may suppose that
On the other hand, S / ∈ Q −1 (O) as the τ s -limit of S α , a contradiction. Therefore
U is an open subset of X, χ −1 (O) is a τ q -open subset of γ(X) and the continuity of χ is established.
Before stating the main result of this section we need a lemma.
L n and we are going to show that each L n is τ s -compact. Let {S α } be a net in L n and without loss of generality we shall suppose that it τ s -converges to some S ∈ L(X). For each α choose x α ∈ S α ∩ K n .
By passing to a subnet we may suppose that {x α } converges to some x ∈ K n . Lemma 2.1 yields x ∈ S thus S ∈ L n . Theorem 2.6. If X is σ-compact then τ cr = τ q and γ(X) is paracompact.
Proof. In view of Proposition 2.4 and the remarks preceding its statement it will suffice to show that τ CR = τ Q and that Q(X) is paracompact. Now, L ′ (X) with the τ s topology is locally compact Hausdorff and σ-compact by Lemma 2.5 hence Lindelöf. Its quotient space (Q(X), τ Q ) is Hausdorff since the real valued bounded continuous functions on Q(X) separate its points. It follows from Theorem 1 of [14] that Q(X) with its τ Q topology is a paracompact space. In particular it is also completely regular, hence τ CR = τ Q and we are done.
Remark 2.7. In all of the above we could have used the space ML s (X) instead of
We are going to treat another situation when the two topologies on γ(X) coincide but first we have to introduce a new relation on the space X that was considered in [2] for the primitive ideal space of a C * -algebra. For x, y ∈ X we shall write x ∼ Proof. Let S be an equivalence class for ∼ H . We are going to show that for every
by [4, Lemme 9] this will imply that S is a limit set. The claim is obviously valid for any pair of points of S. Suppose that it is true for any subset of n − 1 points of S and let x i ∈ S with an arbitrary neighbourhood V i , 1 ≤ i ≤ n. 
CR-spaces
In this section we shall discuss a class of locally compact second countable spaces.
A locally compact second countable space has a countable base consisting of interiors of compact subsets since the family of the interiors of all the compact subsets is a base and as such it must contain a countable base by [10, Problem 1.F]. Thus such a space X is σ-compact and by Theorem 2.6 we have only one topology on γ(X) that will be of interest for us. Of course, this is true also for Q(X).
As we remarked in the previous section, the real valued bounded continuous functions on γ(X) separate the points of this space. It turns out that when X is second countable a countable family of such functions will suffice.
Proposition 3.1. If X is second countable then there is a countable family of real valued bounded continuous functions on γ(X) that separates the points of γ(X).
Proof. From Proposition 2.4 we gather that it will be enough to show that such a countable family of functions exists on Q(X). Recall that (L ′ (X), τ s ) is locally compact Hausdorff and second countable, in particular σ-compact. Let {K n } be an increasing sequence of τ s -compact subsets that covers L ′ (X). Then C(K n ), the algebra of all real continuous functions on the compact metrizable space K n is sepa-
Hence, viewing the elements of C In [7] a separable C * -algebra whose primitive ideal space is a CR-space in the above terminology was called a CR-algebra. There the conditions imposed on the quotient of the primitive ideal space were for the topology τ cr . Not every separable C * -algebra is a CR-algebra thus not every second countable locally compact space is a CR-space. An example is given in [3, Example 9.2]. The class of CR-algebras was found in [7] and [8] useful for the study of certain C * -dynamical systems and the corresponding crossed products. It was remarked in [8] that for a second countable locally compact space X each of the following properties is sufficient to ensure that it is a CR-space: X is Hausdorff, X is compact, ∼
H is an open equivalence relation on X. Of course, this was done in [8] only for the primitive ideal space of a C * -algebra so we shall reproduce and adapt the arguments for the general situation.
The case of a Hausdorff space is trivial. If X is compact then γ(X) is compact too.
Recall that L ′ (X) is τ s -compact. Theorem 2.2 and the definition of the quotient topology on γ(X) yield an isomorphism of the algebra C(γ(X)) into the separable algebra C(L ′ (X)) hence C(γ(X)) and γ(X) is second countable. Alternatively, we can use the Proposition 3.1 to infer that γ(X) is metrizable. Now suppose that X is a second countable locally compact space for which ∼ We give below a characterization of the CR-spaces. (i) X is a CR-space;
(ii) γ(X) is locally compact;
Proof. (i)⇒ (ii). This is immediate.
(ii)⇒ (iii). By assumption γ(X) is locally compact Hausdorff and σ-compact since X is σ-compact. Then, by [6, Theorem 7.2] , there is an increasing sequence of open sets {U n } in γ(X) such that γ(X) = ∪ n=1 U n , U n is compact and U n ⊂ U n+1 for every n. U n is second countable. We conclude that γ(X) is second countable. We actually proved that (i) follows from (ii) which is apparently more than we needed. 
